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Abstract-The Berkovich indentation test is analysed numerically, using the finite element method,
and experimentally. The results derived are pertinent to indentation of elastic materials and metals
and include universal formulae for the load-indentation depth relation and the hardness, as well as
a detailed study of the mechanical fields involved at loading and unloading. Large strain elastic and
elastoplastic results are compared with small strain ones and similarities, as well as differences, are
discussed in some detail. Special attention is given to a comparison between the characteristics of
Berkovich indentation and the Vickers hardness test. The accuracy of relevant formulae for deter­
mining the elastic stiffness during the unloading process is checked. Experiments are performed
both on the nano- and microscale. Numerical and experimental findings are compared in detail,
especially as regards bulk results.

I. INTRODUCTION

Indentation tests, in many cases referred to as hardness tests, have for a long time been a
standard method for material characterization as they provide a convenient, non-destruc­
tive, experimental method for evaluating basic properties from small samples of material.
The advantage, in comparison with a uniaxial tensile test, is of course the relative simplicity
of the experimental setup. On the other hand, an obvious drawback is the very complicated
mechanical problem arising owing to inhomogeneous deformation in the indented
materials. Therefore, until recently the interpretation of indentation tests has relied heavily
on semiempirical formulae, the work by Tabor (1951) is perhaps the best example of this,
with no or little theoretical foundation. With the advent of modern computers and advanced
numerical methods, however, the understanding of the mechanics involved during ball
indentation (Hill et ai., 1989; Kral et ai., 1993; Storakers and Larsson, 1994), cone
indentation (Laursen and Simo, 1992), and Vickers indentation (Giannakopoulos et ai.,
1994), has increased rapidly in recent years. This new interest in the mechanical behaviour
of indentation testing is to a large extent a result of the increased use of new materials such
as ceramics and composites in structural and other devices. These materials are notoriously
difficult to characterize through uniaxial or other standard tests which in many cases make
indentation testing the only possible alternative for determining their mechanical properties
(Rowcliffe, 1991).

During the last decade a new generation of indentation devices, so-called ultra-low
load or depth-sensing indentation systems [see for example Pethica et ai. (1983) and Loubet
et ai. (1984)], have been developed in order to make possible in situ testing of mechanical
properties of materials, such as thin coatings (Soderlund et ai., 1994). Even more important
are the new possibilities for quantitative determination of several important mechanical
properties in addition to hardness. This arises due to the continuous recording of both
load and displacement during the entire indentation cycle. In the ultra-low indentation
experiments a three-sided pyramidal indenter (a Berkovich) most often is used, since the
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geometry is easier to fabricate wIth a sharp tip than the Vickers indenter is. The inclined
angle of the Berkovlch indenter (247 ) has been chosen in order to obtain the same area
to depth characteristics as the Vickers indenter has. Numerous papers deal with depth­
sensing indentation experiments. which relay on Berkovich indentation (Pethica et al.,
1983: Loubet 1'r af.. 1984: Soderlund ct al.. 1994: Doerner and Nix, 1986; Mayo and Nix,
1988; Mayo 1'1 al.. 1990: Oliver and Pharr. 1990). A corresponding theoretical analysis is,
however. almost completely lacking.

We have been able to find two references. Barber and Billings (1990) and Bilodeau
(1992). presenting an approximate solution for Berkovich indentation of linear elastic
materials while. to our knowledge. thc corresponding problem of elastoplastic indentation
has been left completely untouched by the scientific community. It is, therefore, the aim of
the present paper to analyse, using numerical methods, the mechanics involved at Berkovich
indentation of elastic materials and metals and to compare these theoretical findings with
carefully designed nano- and microindentation experiments. Special attention will also be
given to the following issues: (1 ) the validity of well known formulae for determining elastic
material constants during unloading. (2) The effect of large rotations on the results. (3) An
overall comparison between the characteristics of Vickers, Giannakopoulos et al. (1994),
and Berkovich indentation. As a result of this analysis, universal formulae for hardness
and the load indentation depth relation will be presented. Owing to the complexity of the
problem. which is unavoidably three-dimensional, the numerical analysis will be performed
using the flnite element method. In the experimental part of the investigation both nano­
and micro indentation were carried out in order to obtain indentations of a wide range of
sIzes.

, BASIC EQlATIO'\lS

The geometry of the Berkovlch indentation test is shown schematically in Fig. 1.
Basically we attack the mechanical problem resulting when a rigid indenter is pressed into
a homogeneous, isotropic and semi-infinite body. Indentation is considered to take place
under quasi-static and isothermal conditions. Furthermore, bulk constitutive behaviour is
assumed for the indented material which essentially means that the derived results are
meaningful only when the indentation depth is much greater than the characteristic micro­
structural size of the indented material.

With these basic assumptions in mind. and within a small strain formulation of the
problem. linear elastic materials are described constitutively by Hooke's law as

a, (1)

where in ordinary notation a.! i\ the Cauchy stress. E (>0) is the Young's modulus, v
(- I < \' < 0.5) is the Poisson's ratio. (i" is the Kroneckers identity tensor and Ckl is the
small strain tensor.

At incremental, rate-independent. elastoplastic material behaviour, eqn (1) must be
replaced by the Prandtl--Reuss equations reading

E (\~ () +

I
J+\'

\'

(2)

In eqn (2), ff( = da eli:p ) is the it1\tantaneolls slope of the uniaxial nominal stress, a, vs the
engineering (nominal) plastic strain. II' = I: -- a E. given from a simple uniaxial compression
test (a = a(;:)). The clot superscript indicates time variation. Furthermore. a e = (~a;ja;Y/2

is the effective stress according to \(In Mises and a;, = ar,-akk<\/3 is the deviatoric stress.
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Fig. I Schematic of the geometry of the l-!elk, 1\ Icll tc"\. I a I Top \lew. (b) Side view.

At incremental elastoplastic deformation. the acculllulatlOn or total plastic strain is given
by

'I' = , (;
...,!I

dt (3)

It should be emphasized that egn (2) is only \ alid at plastic loading when (Je = (J(I;r) (the
initial yield stress is given by (J, = u(O)). At clastiC loading or unloading, eqn (I) must be
used, formulated in incremental form.

Within linear kinematics. the strain tensor, . h -.:onnected with the displacements. u"
as

(4)

where partial differentiatlon is wllh respect to thL' rererence lixed Cartesian system X" In
absence of body and inertia forces. the equilibnulll equations to be satisfied read

( (J.

II (5)

Together with the boundary conditllllls. to he speclileu later. egns (I )(5) fully describe.
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within a small strain formulation. the clastic and elastoplastic boundary value problems
presently under investigation.

Giannakopoulos et al. (1994). in their numcrical analysis of the Vickers indentation
test, concluded that the essential parameters of the problem were well captured within a
small strain formulation of the problem. Presently. with an inclined angle 01'24.7", compared
to 22 at Vickers indentation. even larger rotations are enforced at the contact area and it
seems advisable also in this case to compare the small strain results with corresponding
ones derived using a large strain formulation. To this end, essentially the same observation
as by Giannakopoulos et al. (1994) was made as the rate of rotation of the principal axes
of deformation equals the rate of rigid body rotation, a hypoelastic formulation of Hooke's
law was relied upon yielding

(6)

For elastoplastic deformation the large strain formulation of Prandtl-Reuss equations
reads

r
E i (), () •

I " I
1-1-\

I

3T;,T~,E(I + v)
----

'(' E )2r: ~H+ 1+;'
(7)

In eqns (6) and (7), D" is the ratc of deformation and ii; is the Jaumann rate of the Kirchhoff
stress. T". related to the Cauchy stress as T, = .hI" where J is the determinant of the
deformation gradient tensor. T,. and T" being Mises effective stress and the deviatoric stress
respectively. defined as in the small strain formulation of the problem. Furthermore, in egn
(7) H( = dT/dl:/p ) is the instantaneous slope of the uniaxial compressive Kirchhoff stress, t,

vs the logarithmic accumulated plastic strain. 1: //" defined in accordance with eqn (3). As in
the small strain analysis. the elastoplastic constitutive specification, eqn (7), is only valid at
plastic loading when T, = r(llp) (the initial yield stress is given by T, = T(O)). At elastic
loading or unloading. eqn (6) holds

To sum up the governing equations. in the large strain formulation. Dip is connected
with the material velocity, ~i" as

(8)

Y, being the current position of a ma tenal point lIlitially at Xi' and in absence of body and
inertia forces the equilibrium equations to he satisfied are

( (i'i

= 0
( \

(9)

As rcgards boundary conditions. the surface of the half-space outside the contact area
is assumed traction free and as a result

('j I .11 = (i IJI =0 (lOa)

('j - ,II = O. (lOb)

where II, IS thc outward unit normal \cctor of the half space (defined in the deformed
configuration at large strain analySIS). Presently. no friction is considered between the
indenter and the material. and as a consequence. egn (lOa) still holds at the contact area
while eqn (lOb) is formally replaced by unilateral kinematic constraints given by the shape
of the Berkovich indenter as shown III Fig. 1.
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1 "-JUMERICAL i\!\'AL YSIS

The boundary value problems presented in the previous section are fundamentally
very difficult to attack for a number of reasons. Not only are they unavoidably three­
dimensional, but they also involve material and geometrical nonlinearities as well as a
contact problem with a moving contact boundary. Therefore, numerics have to be relied
upon extensively and in particular the finite element method. To this end, the ABAQUS
general purpose program (1992) proved advantageous to use. Furthermore, remembering
the similar features involved at Vickers and Berkovich indentation basically the same
numerical considerations need to be addressed when analysing the mechanical behaviour
of the two hardness tests. With this in mind, we followed the numerical approach developed
by Giannakopoulos et al. (1994) in their analysis of the Vickers hardness test regarding
such features as meshing, integration, numerical testing, far-field boundary conditions and
contact analysis.

One of the main differences, regarding geometrical considerations, between the present
analysis and the one performed by Giannakopoulos et al. (1994) is the symmetry involved
in the problem. As depicted in Fig. Ia, the symmetry at Berkovich indentation is six-fold,
only one sixth of the body needs to be modelled, while an eight-fold symmetry is present at
Vickers indentation. In order then to retain the numerical accuracy achieved by Gian­
nakopoulos et al. (1994), more elements were required when discretizising the half-space.
The resulting finite element mesh used in the elastoplastic analysis is depicted in Fig. 2
which consists of 10,850 eight-noded isoparametric block elements and 12,400 nodes. This
compares with 9914 nodes and 8524 eight-noded elements needed in the analysis of the
Vickers test (Giannakopoulos et al. 1994). Inside each element, the displacements were
approximated using trilinear shape functions. In relation to Fig. 2a, the indented body is
bounded by five characteristic surfaces I-V. The plane I is the indented surface with the
contact elements, the cylindrical surface V is traction free and the planes II-IV can only
deform in their own planes. Owing to the severe nonlinearities present in the problem,
loading had to be applied stepwise. This procedure was then continued until steady-state
conditions were found for the load--indentation depth relation and the hardness, as well as
steady-state shapes for stress and strain isocontours. In all calculations, this required a
contact area between the indenter and the material that was resolved by at least 50 elements.

Formally, the indentation load was given by

1'=--1 n,.\dl.
.1

(11 )

where r, is the actual area of contact and :'Ii IS the ll1ward unit normal vector to the rigid
surface of the indenter. The average pressure is then calculated directly, using the projected
contact area Ap, as

(12)

It remains then to specify the materials used In the numerical analysis. For the elastic
calculations, we constantly used the value 2.1 x 1011 Pa for Young's modulus E, noting that
E in this case is only a scaling factor, while Poisson's ratio was given values between 0 and
0.5. For the small strain elastoplastic calculations basically the same materials as the ones
considered by Giannakopoulos et al. (1994) were analysed, namely aluminium 7075-T6
and 6061-T6. These materials are common rate-ll1dependent construction materials and
well characterized in compression by Maiden and Green (1966) for plastic strains up to 6
and 7.5%, respectively. At higher strains, for reasons of generality (through parametric
study) of the results, we considered different types of hardening. The small strain constitutive
characteristics of the materials analysed are depicted in Fig. 3 where materials A and B
correspond to no plastic hardening at high strains, while linear hardening is represented by
materials C and D. For materials with no hardening at high strains, the ultimate stress will
be denoted (Ju. For the large strain elastoplastlc calculations we used the constitutive
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Fig, 2, The FEM mesh used 111 the numerical calculations, (ai General view, (b) Detail of the mesh
at the region of contact. ]O,X50 clght~noded elements (12,400 nodes),

characteristics of material C. 7075-1'6 with linear hardening, In this case, however, the
nominal uniaxial compression curves in Fig, J had to be translated to the true stress vs
logarithmic strain curves by the relations r = 0'( I ~ Dr) and [;11' = -In(l- lOp). As a final
comment it should be emphasized that both uniaxial tensile tests on 7075-T6, Hallback
(1993). and presently performed uniaxial compression tests on 6061-T6 indicated very close
to nominal linear hardening at large strains, For this reason. only materials C and D in
Fig, 3, representing the actual nominal compression tests of Al 7075-T6 and 6061-T6
respectively. will be used for comparison with experimentally determined hardnesses,

4, f XI'IRIME'\ITAI APPROACH

The materials indented were Al 6061-T6 and Al 7075-T6, As mentioned earlier both
uniaxial tensile and compressive tests were earned out on these materials in order to fully
describe the plastic hardening present at htgh strains. The materials were polished and
etched in order to measure the gralt1sil.es, Both materials showed elongated grains. The
grain size in the rolling direction was approximately 350 ,um. and 15 ,urn in the perpendicular
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direction. This microstructure creates some slIght dastlc and plastic anisotropy. The inden­
tation tests were. therefore. performed in different orientations in order to average out the
grain anisotropy. Of course. for materials exhibiting strong elasto-plastic anisotropy we
expect a pronounced influence of il on the indentation deformation (the stiffer direction
being less deformed). resulting in a very unsymmetnc residual imprint. Such imprints were
not found from the present levels of ll1dentation of the particular aluminium alloys tested.
At extremely small indentations. nanoindentation. all experiments were performed in indi­
vidual grains but the results seemed independent of the grain size effect. This indicates that
the grain boundaries do not act very ditterently from the interior grains under the present
deformation pattern. Also. the development of slIp lines is relatively easy and in many
directions (AI is face-centered cubic) to ensure the validity or classic Mises elastoplastic
modelling. Before performing the indentation experiment,. the specimens were mechanically
polished with subsequently finer diamond slurrit's down to 111m. The final polishing was
made with 0.04 ,um colloidal silica ll1 order to red uce further the surface damage.

The indentations were made with a depth-sensll1g indentation system (Nanoindenter
I, Nano Instruments Inc .. Knoxville. TN. USA) equIpped with a Berkovich indenter, as
well as by using a universal testing machine I Model 1361. Instron Corp.. High Wycombe,
U.K.) equipped with Berkovich and Vickers ll1denters. The loads used in the ultra-low load
indentation experiments v.ere 100. 7",. 50. ~5 and 10 ml\. respectively. The corresponding
loading rates were chosen to give a loading and unloading time of 33 s, respectively. At
maximum applied load a dwell time of 20 s was tnserted to achieve equilibrium and to get
a more well defined slope of unloading. At 9()'J;" of the unloading another dwell time of 20
s was implemented to check and compensate for the thermal drift in the system. Loads of
10, 15,25,500 and 1000 N. respectively, were used for VICkers indentation. An indentation
load of 25 N proved to be the upper limit due to the dimensions of the Berkovich indenter
presently used. The loading and unloading rates \\e1T agall1 chosen as to give a loading and
unloading time of 33 s. respectively. A 20 s dwell time was applied at maximum loading for
the Vickers indentation as well. For each load. material and indenter geometry approxi­
mately 10 indentations were made The diamond holder and the specimen support were
carefully designed to minimize the indenter sv stern compliance. Continuous load-dis­
placement curves were recorded lor all indent,ilt\\lh
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The data obtained from the Instron machine \vere corrected for the additional machine
complience and for the zero-offset In lbsplacement. The zero-offset was found by fitting the
loading curve to a perfect quadratic polynomial. The hardness at maximum load was
calculated USll1g the relation H = P (24.56h:) for the Berkovich indenter and
If = P(24.50h') for the Vickers indenter. ie by assuming ideal tip geometries and neg­
lecting the effect of piling-up and ,inking-in along the contact boundary. It should be
pointed out here that as continuous load -displacement curves were recorded during all
experiments the value of h. the indentation depth. used when evaluating the experimental
results was. indeed. the true total depth includll1g both elastic and plastic contributions.
Hardness numbers were also derived from optically measured values of the real projected
contact area. including irregularities. USll1g an image processing system (Quantimet 500,
Leica Cambridge Ltd. Cambridge. L.K.). as well as in the traditional way from recovered
side lengths. L. by assuming a perfect eq udateral triangle. A = y3e /4. The clastic stiffness
was calculated using the solution to the clastic punch problem by assuming flat punch
geometry.

L (1
dP

\' .) = (C, A me" ).
dh' ,

where, according to King (19R7l, C IS 1167 for the Berkovich and 1.142 for the Vickers
geometries, respectively. The stiffness dP/dh was calculated from the first third of the
unloading as previously suggested hy Doerner and Nix (19R6) and Oliver and Pharr (1992)
as well as from the first tenth of the unloading force-depth curve.

5 RfSt LTS ;\:\D DISCUSSIO\l

In the following, the numerical and experimental results presently derived will be
presented in detail and compared with pertinent results from earlier analysis, in particular
with similar results derived by Giannakopoulos el al. (1994) (GLV) relating to the Vickers
hardness test. The results presented below. for elastlc and elastoplastic indentation, include:
( I) bulk results featuring load-indentation depth relations and hardness formulae, (2) local
results featuring the deformation mode at the contact boundary and the shape of the
contact area. (3) isocontours for dilferent field variables (Cauchy stress invariants and
accumulated effective plastic strain). In the elastic case a somewhat detailed consideration
of the stress singularities will be presented while characteristics of the initial loading curve
and the size of the plastic zone will be commented upon when dealing with eJastoplastic
materials. Furthermore. similarities and dilferences. between small strain and large strain
results will be exemplified and properly addressed.

5.1. Eluslic UI.le

Judging from the stress levels presented bclll\v. purely clastic indentation of materials
with idealy sharp indenters is very hard, if not impossible, to achieve in practice. Having
said that. however. we still helieve thal clasticit~ can bc of interest in some particular cases.
There do exist materials for which the clastic results derived here can be pertinent, for
example cellular solids (Gibson and Ashby. 19X8). and rubbers. The elastic results can, of
course. also serve as a numerical gUIdeline for other investigations.

In the Berkovich indentation test. as presently stated, the indentation depth. h, is the
only characteristic length of the problem. Dimensional considerations then indicate that
the average pressure between the Indenler and the material must be constant throughout
an indentation test. We performed a number of calculations for different values on hand
Poissons ratio l' (I' \Vas varied bet\veen () and 0.5) and found numerically, by curve fitting,
the relationship
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for the small strain solution Ob\lOuslYel cOl1Stelnt \ellue on the contact pressure indicates,
by geometrical arguments. a paraholic relatlon,hIp hL'tween the total load P and the
indentation depth h. Indeed. this Wei, also found numerically reading

/' , I Xl) I ( I 0.21,--0111, 041,' I
I

(14)

When comparing the results from eqns (13) and i 1-11 with corresponding ones derived using
a large strain hypoelastic formulation of the governing equations. very small differences
were found. In fact. the total load at a given value on h proved to be exactly the same while
the average pressure was somewhat lower. -I.W'". in the large strain solution. The large
strain average pressure resull', for the Vickers tc,t were only 0.1 % lower.

As already discussed. experimental verification of eqns (13) and (14) cannot be found
in the literature as Berkovich indentation of metells undouhtedly includes plastic effects
even at small indentations. Some previous theoretIcal results by Barber and Billings (1990)
and Bilodeau (1992) are. however. relevant fur <I comparison. It should be remembered
though that these authors do not correctly descrlhe the influence of Poisson's ratio in their
calculations which essentially enters their equat1l1n, unly through EI( 1- v2

) and, therefore,
a direct comparison hetween our and their results I' not possible to perform. However, the
reported results hy Barber and Billing, I 1990 I \\ here only total indentation load was
calculated, and by Bilodeau (1992) where hoth 1l11<111ndentation load and average constant
pressure were calculated. eire within the range ole'ljn, ( I,) and (14) when v varied between
0,0 and 0.5,

Some comparison v,ith GLV results ]pr the Vickers hardness test also seems to be in
order. Explicit calculations of the total load and thl' contact pressure, for the same inden­
tation depth. then reveal a \ery close agreemenl hetween the results derived for the two
indenters, with Berkovich \alues heing slightly higher. hut less than 5%, This is in accord­
ance with expectations rememhering that the fkrku\ ich Indenter has been designed in such
a way that it would include the basic features u! ,I Vickers mdentation test.

Next we turn our attention to expliCIt held rl',ults. and especially the stress invariants,
as shown in Fig. 4, Here. hoth small (Fig. -Ia) 'llH.J la rge (hg. 4b) strain results for the von
Mises effective stress as well elS large ,tram re-;ulh for the hydrostatic stress (Fig. 4c) are
depicted. Quite clearly the large and small ,trelln I,ocontours are very similar, which is
somewhat surprising comidenng the high ,trallb I> 70"0) involved. The similarities with
the Vickers fields. as presented by G LV. are also l,hv 10US although a close inspection of the
isocontours indicate, more pronounced streS' ~lI1gulanties at Berkovich indentation. A
detailed analysis of the ,econd Piola -Kircholl cOl1tact tractIons. '\'2' shows that, for small
strains and \' = 0.3. they can he asymptoticall\ ~lppr(\\lmaled as

IF 02"()3 In( 1 Ii) I
(., . , ) _ I> O. 1> ...... - n/3,, ,

(15)

where,.' = )(- +)(; and tan<!> \ XI Thl rdll~C of \alidity for eqn (15) is r < h/2 and
-n3 < ¢ < -0,92 I n _~). In the Vicker, anal\~I~. (rL.V. the ,ingularity in the ¢-direction
wa, found considerably weakcL in fact It W~b 10gaJlthl1lic. This finding is in some accord
with results by Duki no and Swam (1992) \\ hl) Illlll1d the Berkovich test more favourable
when crack initiation and growth was \\arral1tl'd. Jlthough it should be underlined that
those results are strictly valid onlv for ceramiC, Ke~arding the singularities present in the
large strain analy,i,. the,e can actually h\, dell'rl11incd analytically using the results by
Williams (1952) which give a streS' ,inguLIlII\ "Ii In the radial direction,,. being the
distance from the edge i 11 the dcfl1rl1led Ct )1111~1I [ 1111)11 1111' IS ,t ronger than what was found
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,ll1d h due to the smaller dihedral angle present at
\\l' Illund thc stress singularity to be r 11294 with range

hg. -l "1 IC" Iii \ .llld 11 hi, 'I thl ,'1.1 ,I Ic l d" I Ill' ,lll"'C' ale normalized by t' ( I - ,,2). The indentation
depth;' IS ,iI,,) ,11\l\\ n I II; \.11 \11"" d1eL'ule ,Ire", (small sirain results). (b) Mises effective
,Ires, I letr",' ,I lam 1'<.>,,1"1. Thc' Ikl,'ltnall')1l I' ,ii,,, shown. Ie) Hydrostatic stress (large strain

Il·,,,lhl TIll' dcl,"'Ill;111"1l1' "I", ,1l"\\ll iC"lIlilll/cd 0pl'0.l'ilc IIlId orerlca!.)

for elastic Vlckeh IIldclltallOll. I

Berkovich indentation. '\umcrlc~l!1\

of validity I < Ii ~

The contact area. III the ~mall ~lrall1 solution, differs substantially from a triangle. For
o "S \ "S o,s. thc prOlected contact clllllllurs \\erc found numerically by curve fitting to be
parts of hyperhola~ that fllllllv,ed II Ithlll -.+" 11 accuracy. the relation

II'

I~
( ',' Ii)' = I.

~. 70
(16)

Compansoll 01 eLjn (Iii) \\llh lhe' boul1d,lry elelllel1t results by Barber and Billings (1990)
shows vel'\ good agreelilellt. \llthlll i "'". I\hile Bilodeau's (1992) assumption of a tri­
angular contact ,!rea rellder, a dlrL'el el)lllpanSlln with the present results irrelevant. For
the large strain SOIUtlllll the Cllntact ,Irl'd prll\cd to be slightly larger (5%) but with the
same shape as in the ,m~t11 stram ,ohltlon, !\iote thdt the large strain results for the Vickers
test sho\\ed a conlact area almlhl th,' ""me as for the small strain results,

Finally. the ddonnation lie'iLl l1l'plcled m hg. -.+b (and in Fig 4c) deserves some
comments. In all el,htie ca!culalllllh llllC\en malerial sinking-in occured at the contact
contour. )·urthermore. It I, IIllc'll',III1,=, \<) note thL' very small tangential displacements at
the contact area, ll\l .. k'lture III ;!ll' "diltlOI1IS Important as it. to some extent,justifies the
present a~sumptlOIl that Inctltll1 dt'I" I1U\ pla\ a major role during the indentation process
(at least not III the l'iastlc case)
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5.2. Elllstop/asti( (we
Depth-sensing imkntatlon can be a \cn ll,clut t(J(l1 I,l! detcrmining the constitutive

behaviour of the indented material. Basicalh. Ihl' 1l1,1 ten~11 pa Llmeters pertinent to plasticity
are determined during the loading process b~ l'Y;lllllning the hardness. here defined as the
average pressure at maximum load, and the rebtwn bctween the total load and the inden­
tation depth. while the clastic stiffness is given by the Inilial ,;jopc of the unloading curve.
Furthermore. the medlanical fields involved arc ~Iho (lj' delinile mtl'rest as they can provide
important information related to. for example. cr~lc" fllrmatilln and growth.

The size and shape of the contact area IS oj' fundamental Importance when analysing.
both numerically and experimentally. an imkntatilln kst. It. therefore. seems natural to
start the presentation of the results b~ discus\lng tIm paranH.'ter For this purpose the
contact area at Berkovlch indentation. in the llndet(lrmed 1.·')l1llgllr~1lIon. is shown in Fig.
5a for aluminium 7()7~-T6 (material CI. As \\a, tltv .. hV Ill! ;ill ll1aterials analysed the
contact area proved tIl be an almost perfect tnangle 111 tlh' ,Indl'iormed (projected) con­
figuration. However. a close inspection oj' thl' dlspbcell1en! fields showed that the dis­
placement in the X I -d1l'l.'ction. III' IS unc\enh dhtnhllkd ,t!ung the boundary of contact.
Essentially II( takes on \ en small values along pl~lne II I i ,el' II.~ 2al resulting in a somewhat
curved boundary of contact Il1 the defonned cllnfiguratll\ll I yperimental evidence of this
numerical finding is depided in Fig. ~h. clea 1'1\ ,;jlll\\ IIIg Ihe hulpng of t he contact boundary
at the sides of the impnnt. As a eonsequenel' llj' lhh elkel tlK' deformation mode changes
from piling-up at the center of the cdges ('mil: III l(l \l11kll1g-111 ncar the corners (plane III),
determined by actual \allie of the displacell1l'nt 1/ ~II thl' l,)lIlaCI houndary. regardless of
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Fig. 5. Contact area and e1~h[()rl~l,tIL h'\ll!1dan ,h \It\\ed from the surface for aluminium 7075-T6
(material C) at maximum 10'ld. The Indentatio!1 depth h is also shown. (a) Small strain numerical
results (in the undeformed configurat ion I (h) 1\ pical experimental result for Berkoyich indentation.

(c) TyrlCal expeflment,t! re,ult for Vickers Indentation. (Cominued opposite.)
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the material charactlTl\tIL', (]1ik-u]1 was. hm\e\l'L some\\hat surpressed in the presence of
plastic strain harden1l1g1 It ,hould oe pOInted lllit that the deformation fields discussed
aoove are shown indirecth in hgs 7h. IIh and Yo a, the stress and strain fields given by the
large strain formulatll)J1 Ill' the rrohlem arc rresented 111 the deformed configuration (very
little or no dilfcrence \\~I' found comrared to the small strain results).

Fundamentally dillerent results \\eIT found 11\ CiLV for the Vickers hardness test. In
this case the contact area \\as almost a perfect square. hoth 111 the undeformed and in the
deformed configuration The ,quare shape \\as \enfied experimentally as depicted in Fig.
5c. Naturally then. and In contrast to the Berb1\lch results. the deformation mode is the
same all along the contact houndar\ out also \en dependent on the type of hardening
present at high strain,

The deformation In the Berko\lch indentatll1t1. namely piling-up at the middle of the
side and sinking-in at the corneL is an encourag1l1g result as the contact area is then given
by the idealized relation 1 = 24)611' at maximum load. remembering that the effects of the
two deformation modcs canccl each other. Indecd. the numencally calculated contact areas
were very close to thiS ideahzed relation for all materials investigated. This was also
confirmed by the experiments. Figurc 6a shows thc hardness results for A17075-T6 and it
is seen that the hardness calculated from the reSidual area (taking the bulging into account)
almost equals the hardness ohtained from the area derived at maximum load through the
above mentioned area equation. Also note that these experimental hardness numbers are
in excellent agreement with the hardness numhers ootained from the FEM calculations.
which arc based on the actual projected contact area at maximum load. On the contrary,
the area calculated in the traditional way. from residual side length assuming a perfect
equilateral tnangle. strongly underestimates the L'ontaet area (since bulging is not accounted
for) and thus gives rise to an ovcrestimated hardne",. Finally. it is seen in Fig. 6a that the
indentations at indentation depths smaller than 1600 nm. in the nanoindentation regime,
show a marked size effect. whereas the indentatHlns deeper than 15.000 nm seem to be load
independent. On the ~Iverage the large Il1dentations cover several grains. at least in one
dimension. and the bulk conslitutive hehaviour can be considered closely fulfilled. A1 6061­
T6 showed similar results. v\lth a slightly larger difference. 4''10 , between the calculated
hardness value and the hardness \,dUL'S derivcd from maximum depth and from the optically
measured real residual area.

The numerical findings lllscussed aom e h~1 \ e Important consequences when deriving
a universal formula for the hardness as the ctfect of rihng-up. or sinking-in. does not have
to be addressed. Instead. essentially follOWIng the same arguments as GLV, we started from
a semi-analytical expressIOn bx Johnson ( 1l)70). resting on the spherical cap approximation,
and included the II1tluence of the plastic hardening by a truncated power series. The
outcome. derived fnlm the small strain IHlml'1icdl results and for 1mv strain hardening,
reads

f:tan24. 7 ')
112-1)0 I. IT 0, " 1(1 . In .'

J" .
( 17)

In cqn (17) '" b the ,lre~, level at <J plastic stralll llt' ~()tl tl which could bc characterized as
a representative strain ill the same way as in the VIckers test while the angle 24.7 is chosen
in the spirit of Tabor (19'i1) due to the actual \alue orthe inclined angle ofa Berkovich
indenter. Furthermore. through geometrical considerations and remembering the discussion
abOve ahe)Llt the sile and ~hape of the contact area. eqn (17) determines directly the
corresponding formula I"or the tntalll1dentation I,)ad as

(18)

The numerical aL'cur~iL\ ()Ieqn 11 7 1I, ,hn\\ n In II).! hh. as for explicit numbers all calculated
hardnesses and IlllknLltl\)!1 Il'aeh Lill v\Ithll1 ';0" "I" the nnes given by eqns (17) and (18).
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Fig. 6. Companson between nUlllencal dnd expcnmentdl results. (a) Hardness vs indentation depth
for alummium 7075-T6 (material C) (- - -I Large strain numerical result. (.A.) Experimental results
derived from the indentation depth (.) Experimental results derived from the real projected
residual contact area (measured optICally). (D) Experimental results derived assuming the contact
area to be a perfect triangle (side lengths measnred optically). Each symbol represents five to 10
indentation experiments. (b) Normalized hardness. fl = HI(J, (1 + In(Etan 24.7j3(J,)) vs normalized
uniaxial nominal stress. rJ = (J(I'r) (J. at a plastIC strain 0.3. (-~), eqn (17). (---), eqn (17) scaled
according to the large strain results (a factor of I I). (.) Small strain numerical results. (0)
Experimental results (c) Indentation load vs indentation depth for aluminium 7075-T6 (material
C) (--). eqn (18) scaled according to the large stram results (a factor of 1.1). (+) Experimental
results from the lnstron general purpose testing machll1e. (d) Normalized indentation load, PjPm",

vs normalized indentation depth. Ii Ii"" ,. for aluminium 7075-T6 (material C). (.) Large strain
numerical results. (.) Experimental results from the nanoindenter, the maximum load ranged from

Ollll,,!I.l N (CoI11il1l1cdof!f!osile.)
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Further compan,on \\ llh the largl' ,tram re,ulh. ,1i',(1 pre,ented m rIg. 6b. showed that the
,mall stram calculalwn, undere,tlmate the loull(1~ld bv I()Ou \v hlle they correctly described

the contact area. Th"" Indeed ,urpn,mg~" thl' ',ClIlle lOll" accuracy was found by GLV
for the Vicker, case u"ng a completely different Ulll~I\lal ,tres-., ,train curve. Thi, suggests
that eqn, (17) and (I X) arc \alId abo 1'01' a complete (large ,tralnj description ol'the problem

if they arc appropnalely ,«tied by a Llctor I I Thl' finding " ~Ibo experimentally vcrified
as depicted in Fig. 6b. and a, dl,cus-.,ed aboH' 111I fig. 6a. ,howing excellent agreement
between the experimenul re,ulh (,teady ,tatel ,11111 the scaled version of eqn (17).

In Fig. 6c. the large ,t ram (,caled) ver,lon (11 c'q n I 1:-;) j, compared with the exper­

imental results for alUll1ll11Um 7()7:'-T6 sho\\ing g\l\ld c1greelllenl. Only the loading sequence
is used 1'01' compar"on tlwugh a, agam. m I)rder III a\ 11111 Indentation sile effects. thc
experimcntal results vvcrl' taken from the Imlron 1l1~lcll1ne at 1ll~IXi1llu1ll indentation depth,
larger than I:' 11m Thl' c\]1lTimentallv deter11lmell l'llIl,lant 01 proportionality between P
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and h2 showed large variatIons lor lilli, \ id ual indentations but the average of 15 inden­
tations, 4.65 ±0.97 x lOlli, came close to the calculated value, 4.47 x 1010. The variations
are probably due to local fluctuattnns nf the mechanical properties depending on grain
orientation and the presence of mtLTlhtructural features such as grain boundaries and
defects.

The explicit results derived I'rnt11 eqns (171 atJd (18) proved to be very similar, within
5%, to corresponding ones presented hy CiLV for the Vickers hardness test. This was
expected, as previously discussed. remembering that the Berkovich indenter was designed
with the characteristics of the Vickers hardness test in mind. When inspecting our own and
GLV results in some morc dctail we I'nund that the Vickers hardness were slightly higher
than the Berkovich ones for stram lwrdenmg materials while the opposite was found for
materials with no strain hardcnIng at high plastic strains.

The Instron machine proved. as also indicated hy the scatter of experimental results
in Fig. 6c. to be less accurate at unlnading and in order to make an appropriate comparison
between numerical and experimental results also in this case we used normalized nano­
indentation curves (maximum load ranged from 0.0 I to 0.1 N). The outcome is depicted in
Fig.6d Obviously, the nanoindentatintJ results differ somewhat from the numerical findings
at loading. This can certainly be ex pLu tJed hy the indentation size effect, an additional
length (e.g. microstructure. surfacc l'llccts. imperfectness of the diamond tip) enters the
problem, discussed ahove. HOWC\ cr. the norma lization forces the two sets of results to
coincide at the maximum load and we' hdie\e that at least for unloading the comparison is
a proper one. Indeed, this assulllpltnn IS \erified by the experimental results in Fig. 6d
where the ditferent experimental cuncs almost coincide at unloading, indicating that the
indentation size effect IS much less pronounced at clastic deformation (no reverse plasticity
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occured during unloadll1g) Ckarl\. ,LLcordln~ I,' I It' hd the numerically calculated loads
are very similar to the experlmenlalol1l's except L1t"e u\ complete unloading. The difference
in the final indentation depth LS. lHl\\e\er. llllh .~" II and remembering that the calculated
unloading sequence is VLT) sensLlI \e t(l the pLISlil 11;1 rdemng at high strains. as also discussed
by GLV (1994). the outcome of tilLS Lomparisol1 Illlht he considered as satisfactory.

With a method for detcrtl1l11ing the plastil properlll'S now presented and largely verified
experimentally. a corresponding l11etlwd for the' elaSl1l pmperties deserves some attention.
To this end. experimentalists hel\c l'a\llUred ;1 fllllllULI dcrl\ed by Sneddon (1945) relating
to elastic indentation of a Ibt Circular pUllch 111 lll'lk'r III dl'tcrmine the elastic stiffness using
the initial slope (dPdh) of the ul1loadll1g curVL' III \ IC\\ ell what has already been discussed
in relation to the shape of the c:l;lstlC ;lnd the _'LlSII)plastic c()nlact area, using the circular
punch results seenb \0 bl';1 sOllle\\hal crude apprl!\llllatilHl. Especially so as King (1987)
has derived corresponding fornluLte tin gL'e)IllCllllalh dilll'renl flat punches and among
them the triangular one \\hlch I "dd,

, I \ I 1 I h' I,

til'

ell'
(19)

where All"" is the true C(lnLICl ,lrL':1 ,It 111;1\11111.111\ IIHkntatlon load. Whel1 comparing the
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clastic stlllncss. derl\ed fru!1l tilL' "\i'liCII \ :lilles Iised III the finite clement calculations, with
the Ilumenc:dh delCnllll1l:d \llll" l,li'II1'-' c'I,11 (i ,) i I fUI the materials A 0 the error proved
to he- (I"' ..'::'. ()~"" ('i.ll" ,. 1,,1' Ihl' IlrgL' ,1I'lllll analysis) and 2.0% (3.8'1'0 for the large
strain all,dyslsl respecII\eh Cd \ 11L"k tl1l' 'e,111l' all,tiysi, for the Vickers test [in case of a
sq uare clliltaci ,tn':el thl' Cll1lSla III I I(," Iii I'lpl I ! '!) changes to 1.142], alld found similarly
very gllud agree!1lellt IIll' IllCi terld h II l i' III 11;1 rd"1 iIllg dt high strains hut considerably worse
results fllr Itllear slralll hardel1ln:c 11L11ITLlls. Il1llnh uwing to the sinking-in of material
occuring all around the hrHllld:ll\ "I ,unt,ll" Regarding the experimental results, the
[nstron machlI1e pr(1\l'l1 tll Ill'. ,I', Ilh'l,llnllld 1?lril\T. insutliciently accurate in the unloading
segment due III lhl' I~ltger Sl'dlll'! ili re"dill', ,md n order to check the validity ofeqn (19)
we used nalHll nden 1;11}( 111 resul t, Til ,,' \ p\:nnil'1t 1<LlIv determined clastic stillnesses showed
almost perkct agrl'e1T!c'nt \Iith Ilk' ()Ill,," "IYdln:d !1'OIll uniaxial compression tests, although
a slight si/c c'tfee1 'I," SeL'n ell", I I 111 "l,~I'l' " the lowest loads, and an encouraging
conclUSIon o!' thL' presL'nt stllll\ '1] "II l'h,:I,I,1 tttt punch unloading formula. eqn (19),
can he relied upiln [ll delenni1ll' the' 11,1,11\' ';Iinn,'s, from a Berkovich test in materials like
C and D 11l llg.' NUll'. h\l\\1:\ l" ','11', .,q' IllI) lon[~lins the real projected contact area at
maximum Inad. "hlch can be 1IIIt'II !llU'ldlllL' III "I = 24.5617: as discussed above, so
this Illethod diller ... from th,' \"'l1ltll,'llh u-;L'd \lIh' \\here the extrapolated contact depth is
used (Doernn and '\II \. IlJ:\6. (Jill l liI'd Phd IT 11)<)::')

At thIS lwinl snme U'l1ll'!',\"III' ,11,.1(11 lile I'["lic recnvery of the imprint at unloading
seems a pprol~n~1 [l' C\" in Ihl' \11. h(:I' l,l',\' Iil(' 1'[1 Stll' ITcm'ery was much more pronounced
for hardening mellen,lis. l\rdl\l \.:lde. II! :11. rdl!() helween the recovery at complete
unloading and the Ill~,\imum ,nll-'lll I j,ll rkplll Iler,' Inund to he fnr material A, 9.6%, for
materidl H." "" ,', :ur maiL'rl.li ( I '," I I::' 'J I I'll]' the large strain formulation), and for
matenal D. ~,t"" These \;litH.:', III,' ,dlll(,q ilkllllcal to the corresponding Vickers result
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and are a pparcnt Iy 1'1. hl'l\ Icla Il'd \I' ! hl' ,II IU" 'Ill'" 'I'\·j, ,II IIIt!h plastIC st rains. This was
also confirmcd (withln~IJ,) bl IIll' c'\Pl'rlllll'Jil I: 1, 'old dISI,I~lll'mcnt curves. which show
that the elastic rCCl1\Cn III ,kpth I' ilbput III", III \1(,1)(,1 Ilhereits it is ahout 15'Y<. in
AI7075 (sec Fig. nd) Tlw, l)bSl'nllllun IS 111 Il.I·,JILIIlIL' Illth thc larger hardening that
AI7075 undergoes In IlI1la\lal Lkl,)r1lI,ltl\'lI ."Ili :.1.1 \ih()!,1 as shown in Fig. 3. The
calculations also sl1l111ed Ihal Ihl' rl"ldu~tl 11111'11111 k'l Iii lhL' material after complete
unloading gave esscnllall\ Ihe ,al111? pnlJl'CI,'d ,I I' 111\: .,ne I'uund numerically at
maxim um indentation dept h. I-Ill' ,kl'orllla til" I.' I, 1, I, 'I \hI' 1.1 rge ,train calcula tions. are
shown in Fig lOa and I'

To conclude then the ,IISCU"ll1Il ~lhllUI I: II, ,i 11.1 i" ,Ii Il',ulh It remains to comment
upon the extent and shClpe (ll'the plilS1IL'I.'1I1' ,II Ikll," 1111 IIHII:n\iltit)ll. Fur strain hardening
materials the c1astoplastlc houl1diln uSing d 'iIl,111 it IOllllulation. is shown in Figs. 5a
and 7a. First of all it h obi IOUS Ihd I IhI' II \Ill.' ,I I III., ·.IIc·,Ii:" Iklurmed material is very close
to spherical in accord \11th thc Sphl'lIcal "IPIIlI",'\IIPIIII.'1l h Johnson (1970). Secondly.
there is a very good agreemcnt hetllccl1 th,'nIL'!,1 i : lh' 1,I,lst II' lone ,It Vickers indentation,
GLV (1994), and the unc prcscl1til dnllcd 111'.' 111,'-'1 ,(rilill results (Fig, 7b) show a
somewhat larger radius oj the pi~hllC IOllL', ,IIl""".II1:IIILII '! "'0 in the X,-direction, but
essentially of" the samc skq'c ,]> III I '.,~ -;,1 Ilk" l I Ii.. pl.l,1I1: I.OIlC IS. however. strongly
dependable on theCOl1stlllllllC pl\lpeJIIC' ,'!:k dl '11.11 ,[Ilil ~I >tral~htf"orward comparison
between material A Ill.) hindclilll'-' I ,ind I ,I l I I 11111',1 ,'1;,111 hardcning) shows a 35'~:')
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increase of the plastic radius when stralll hardenlllg is present. Furthermore, this result is
also dependable on the yield stres~. a~ a comparison between material Band D shows only
25% increase of the radius in the presence of strain hardening.

We will now turn our attention 10 the mechanical stress and strain fields involved at
Berkovich indentation. For this purpose. we will pre~ent results pertinent to AI7075-T6,
material C in Fig. 3. and merely comment upon differences, and similarities, in comparison
with the other materials. To start with. the tield characteristics during the loading process
will be discussed. The stress isocontours presented arc the von Mises effective stress (Fig.
7) and the hydrostatic pressure (hg. XI. while the accumulated plastic strain is shown in
Fig. 9.

Regarding the Isocontours fur thl' \on \1lses ctfective stress (a,,) at loading, as depicted
in Fig. 7. they all seem to 1'0110\\ a \er:> regular pattern. The only exception was found in
Fig. 7b at the contact area and III a small n:glOn dose to the edge of contact where in fact
unloading occurs. Otherwise. h(mnn. almost radial stress distribution was found, which
is very interesting from a number 01 <Ispects. In p,trticular. it indicates that an analysis using
deformation theory of plastiCIty could give satISfactory results not only for bulk values but
also for a more detailed description of the mechanical fields involved. In fact, some pre­
liminary calculations we performed uSing a RamblTg Osgood deformation plasticity consti­
tutive equation do indeed point in that directiOn Furthermore, some differences in magni­
tude, but obviously not in shape. can be found between small strain. Fig 7a, and large
strain, Fig. 7b. results. Isocontours pertinent to Vickers indentation of material C, GLV
(1994), showed essentially the same pattern as the l'orresponding ones in Fig. 7a. Substantial
differences were found. however. when comparing the curves in Fig. 7 with isocontours
derived for materials A and B where 11ll plastIC hardening is present at strain higher than
approximately 6 IS %. Indced. judging from Ci LV re~ults and the previous discussions about



243

1 0.0
2 0.1
J 0.2
4 0.3

.-If'" ~\» , 0.4Illn" 6 0.5
7 0.6

r 8 0.7
y 0.8

X2
Xl

~1IIle- 1'\
f1

/ '\1/ "I/L-"Lt4- I/L-" 1/ ,,1/ "1/L-"ll/ '1/ '1/ "i/
,

(b)

f 1[' II (

the size of the plastic zone and the deformation nll)Lk dt the L'untact boundary, this could
be expected. It was found, for no hardel1lng l11atl'l"l,lI~ and 111 accord with the Vickers results,
that a local maximum of the von M ises stress nccurs below the tip of the indenter. Similar
observations were shown for Brinell Indentation of plastic. Levy von Mises, materials by
Hill et al. (1989) and is also true for Hertz cnlllact between elastic bodies. Furthermore,
local unloading occurs at the contact SurhlLl'. ,lisp a kaLure that was not present at
indentation of strain hardening malenals.

Now we shift our attention to the ISOLunI\lur, 101 the hydrostatic pressure, (JiI/3, as
they are depicted in Fig. 8 for ooth sma II st rai II dIg. Xa I and large strain (Fig. 8b). The
small strain results resembles closely the ones dl'l\\ cd bv (j LV ror the Vickers test with the
maximum compressive stress appearing at the ,'onlact ~urface. unloading at the tip and
along the edge of the indenter and WIlh no tensile" ,trl'~ses present. The situation is, however,
quite different for the no hardenIng materials. 111 Ihh case tensile stresses do develop close
to the tip and along the edges of the Indenter .11ll! thereby creating a possible source for
crack formation during loading. Furthermorc. Inl IW hardening materials, the maximum
compressive stress is found along the X ·-aX1S bl'luw the tIp uf the indenter and not at the
contact area, as was the case for strain harden I ng matenals (Fig. 8). Regarding the large
strain isocontours outside the region of conL1Cl cs~cnlIally no difference was found com­
pared to the small strain results. At the tip and .1I11l1g the edge of the indenter, though the
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cune, prll\ed to he close lo r~tdt,iI dlld no region of unloading was found. This is an
Intcrestmg dlld somewhat surprtslng result which will he further addressed when discussing
possihk I,)cattons for crack formdtllltl dnd growth,

III rIg I) the isocontours ollhe dccumulated plastic strain are shown. Again we can
stale thal lhesr: contours for BerKll\ t,.h tlH.kntatton are very similar to their corresponding
Vickers Cline, (CiL V. 11)\)4) (small and large strain formulation alike). A. perhaps more
tntcrr:sting, I'r:sllit tS that at approxlnldlclv plastic strains of the order of 30°;;, the shape of
the tsuconl<lllrs changes. Admlttedl\. Ihts tS not a dramatic effect. in fact it is more pro­
llounu:d In case of a large strain I'ormlilattoll of the problem. as shown in Fig. 9b, but it
does gl\r: ",'mL' further Justificatton I'll' the use of a representative plastic strain 0.3 in eqns
(17) and ( IKI. The curvcs for matL'n:t!s \ and H. \\ lth no hardening at large plastic strains,
resr:mhk clusr:lv the ones m Fig. l)

fhe tlnal results presented in Itg. I() ~lre tsOCllntours for the von Mises effective stress
(hg Ilia) (large stram). and the h~dr()static pressure. Fig. 10h (small strain) and Fig. IOc
(large str~lIn). after complete unload1l1g of the material. Again the results are pertinent to
matr:rial (. that is aluminium 7l17:', 1'6 \\. tth Imear plastic hardening at large strains. The
\ un \:1 iSL" stre" cunes after CU11l pIck un Iuad ing (hg. Ilia) do not give any new information
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Fig. 10. ("(lII/llllled

of fundamental interest apart I"rom the fact that clearly no reverse plasticity occurs during
unloading. Essentially they resemble the Vickers curves derived by G LV with local maxima
appearing on the surrace outside the contact arca and helow the tip of the indenter at the
Xc-axis. The small strain results wcre very similar to the ones depicted in Fig. lOa, also
close to the area of contact.

The isocontours for the hydrostatic pressure. after complete unloading, arc definitely
of more direct interest. As can he seen clearly 111 Fig. IOh regions of tensile stresses develop
during unloading even for strain hardening materials. Those rcgions arc not only present
at the tip (and especially along the edges) of the indentcr hut also develop well below the
surface. approximately rollowing the houndary hetween clastic and elastoplastie defor­
mation. The same behaviour was round at Vickers indentation. even though the region of
tensile hydrostatic stresses is not only larger in the present analysis hut also includes higher
tensile pressure levels. It is once again interesting to notc that the large strain results in Fig.
IOc do not show any region of tensile stresses at thc tip of the indenter. Again this has
implications for possible crack initiation as will he discussed in some detail below.

It remall1s then to discuss some aspects of our rcsults related to crack formation during
an indentation test. For this purpose \\e adopled a tough criterium for possible crack
formation. demanding that tensile hydrostatic prcssure must be present in such a region.
This would suggest that for no hardening materIals (materials A and B). radial or Palmqvist
cracks initiate from the imprint edges during loading while lateral cracks are formed at the
elastoplastic boundary helow the surface dUrIng unloading. For hardening materials (C
and D). the hydrostatic stress field docs not implv any cracking during loading but instead
suggests radial or Palmqvist cracking as \\cll as lateral cracking at the elastoplastic boundary
below the surface when unloading is performed. It should he emphasized though that
radial;Palmqvist cracking is. I"or the material charactcnstics presently analysed. a feature
of the small strain rormula tion of the problem a nd no evidence for such crack systems were
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found when analysing the large stram numerical, or the experimental, results, neither at
loading nor at unloading. However. experimental observations of radial crack formation
have been reported by among others Cook and Pharr (1990), but in that case for ceramic
materials. Other possible crack geometries during an indentation test are half-penny crack­
ing and cone cracking. Presently. for the Berkovich indenter, owing to geometrical reasons,
half-penny cracking can not be predicted. and we found little or no evidence when examining
either the hydrostatic pressure or the maximum principal stress for cone cracking around
the indenter. One possible explanation for thIS is the fact that we assume frictionless contact
in our analysis. whereas friction might be. as shown by Andersson (1994) for Brinell
indentation. a driving force for cone crack initiation. It should be remembered though, that
the materials most pertinent to the discussion above are brittle ones, for example ceramics,
where von Mises plasticity alone mav not bc an appropriate constitutive description. The
prcsent results can. however. at least gi\e some qualitative information of possible locations
for crack formations and the seljuence of cracking for such materials with loading.
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6. CONCLlSIO!\.S

Berkovich indentation of elastic and elastoplastlc materials was analysed numerically
and experimentally. Universal formulae for hardness and total indentation load were
derived from the numerical results showing excellent agreement with experimental findings.
Formulae for determining the elastic stiffness at initial unloading were checked numerically
and found to be reliable regardless of the plastic hardening present, at least for the range
of moderate hardening investigated presently. Mechanical stress and strain fields were
presented showing among other things the size and shape, found approximately spherical,
of the plastic zone and possible locations for crack growth. However, the plastic strain
distribution did not form the commonly assumed concentric spheres. Also the contact area
between material and indenter was computed and proved to be a hyperbola (using six-fold
symmetry) at elastic indentation and almost triangular at elastoplastic indentation.

The Berkovich and Vickers indentation tests proved to be closely related. The main
difference concerned the mode of deformation at the boundary of contact where the effect
of plastic strain hardening was much less pronounced at Berkovich indentation. This feature
also has implications when determining the elastic stiffness at initial unloading as it indicates
that the Berkovich test is more favourable for this purpose, due to the substantially smaller
amount of sinking-in of material at the contact boundary.

Most features of Berkovich indentation were found to be well captured within a small
strain formulation of the governing equations. For example, the small strain universal
formulae for hardness and total indentation load proved to be valid also for results derived
using a large strain formulation of the problem, if simply scaled by a factor of 1.1. However,
for a detailed description of the mechanical fields close to the contact area a large strain
analysis is certainly needed, a feature of importance in particular when crack formation
and growth are of interest.

As for the experimental results the nanolTldenter proved to be especially suitable for
obtaining accurate load-displacement curves. and in particular for determining elastic
material constants during the unloading part of the indentation cycle. The nanoindentation
results clearly exhibited size effects for the analysed materials, indicating that higher applied
loads were needed in order to obtain bulk macroscopic plastic material properties. An
important conclusion from the study is that the effects from piling-up and sinking-in cancel
each other in Berkovich indentations large enough to cover several grains. This means that
the yield stress and the characteristic stress at 30% plastic strain can be derived from the
hardness numbers obtained either from total depth under load or from optical measure­
ments of the real residual area. The constitutive behaviour. thus, can be determined from
load-displacement curves obtained by stiff and accurate indentation systems, operating at
high enough loads.
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